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Proofs, or counter examples, are required for all problems.

1) Show that the problem (here y = y(t))
y' =y y(0)=0

has infinitely many solutions. Explain why the existence and uniqueness theorem
does not apply here.

2) Assume that the function u(z) > 0 is continuous for x > 1,
and for some number K > 0, we have

zu(r) < K+/ u(t)dt, forz>1.
1

Show that u(z) < K, for x > 1.

3) Let A be a real 3 x 3 constant matrix. Suppose that all solutions of
¥ = Az

are bounded as t — 0o, and as t — —oo. Show that every solution is periodic,
and there is a common period for all solutions.

Hint: Represent the solutions using the eigenvalues and the eigenvectors of A.

4) Show that (0,0) is the only rest point in R? of the system

=2y —2?

/

y =-r—-9y°,
and prove that this rest point is asymptotically stable in Lyapunov’s sense.
(State Lyapunov’s theorem that you are using.)



5) Find the solution to the differential equation
{xlum + 2291y, = 4u + 2% in (0, 00) x (0, 00),

u(a,a) = a® for all a > 0.

6) Suppose u is a harmonic function in R?, and has the values
©w(0,0) =1 and wu(1,0)=4.

Show that w is not strictly positive in the ball {|z| < 2} C R2.

7) Let U C R™ be an bounded open set. Suppose u has the properties
A(Au) =0 inU,
Au >0 on 9U.
Show that u does not have a local maximum at any point x € U, and therefore

IileaUX u(z) = max u(z).

8) Let U C R™ be an bounded open set with smooth boundary.
Suppose u is a smooth solution of the differential equation

uy — Au+u® =0 in U x (0,00)
%:O on U x (0, 00)
u(z,0) = g(z) onU x {t=0}

Show that / |Du(x,t)|* dv < / |Dg(z)|? dx for all t > 0.
U U



