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Preliminary Exam
Differential Equations
August 17, 2016
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Instruction: Do all eight problems.
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Part I: Ordinary Differential Equations

Problem 1.1
Identify the stable and unstable subspaces for the linear ODE
1 0 -5
xX'(t)=10 =2 6 | x(t). .
0 0 1



Problem 1.2

Write the following system in polar coordinates and determine if the origin is a center, a
stable focus or an unstable focus.

i=-y+ay’, y=z+y°



Problem 1.3

Show that if a function z(¢) satisfies 0 < fl—f < 2? for all t, and z(0) = —1, then z(¢) < 0
for all ¢t € [0, 00).



Problem 1.4

Show that
i=y, y=-az+(1-2"—y")y

has a unique stable limit cycle which is the w—limit set of every trajectory except the critical point
at the origin. (Hint: compute 7) .



Part II: Partial Differential Equations

Problem 2.1.
Ugtly = 1 in (0,00) x (0, 00),

Find the solution to the differential equation { w(z,0) = 27 forall > 0.



Problem 2.2.

(i) Solve the following initial-value-problem.
up + 2uy —4duy +5u, =0, (x,y,2,t) € 73 x (0,00),
u(z,y,2,0) =22 +y—32z (x,9,2,t) € N3

(ii) Use energy estimate method to show that the following initial-boundary-value problem admits
at most one smooth solution v = u(zx,t).

up 4 2uy + 120, =0, x € (0,L), t € (0,7)
u(z,0) = g(z), = € (0,L),
u(0,t) =0, w(L,t)=0, wux(L,t)=0.



Problem 2.3.
Let U be the unit ball in R?. Suppose u solves the heat equation

up — Au =0 1in Up,
u(z,t) = 6t when |z| =1,
u(z,0) = g(x)

Suppose that g < 0. Prove that u(z,t) < 6t + |x|? for all (z,t) € Up.



Problem 2.4.
Find a solution formula for the following initial boundary value problem of the wave equa-
tion.

Ut — Uge = 0, x, t € (0,00),
u(z,0) = g(z), u(z,0) = h(x), x € (0,00),
up(0,8) =0,  ¢>0.



