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R is the field of real numbers and R" is n-dimensional Euclidean space, N is the set of
natural numbers (positive integers).

Unless explicitly stated, proofs, or counterexamples, are required for all problems.

1. Let (f,)$° be a sequence of functions [0, 1] Iny R,
(a) Define what it means to say that (f,,);° converges pointwise to a function f.
(b) Define what it means to say that (f,)3° converges uniformly to a function f.
(c) Suppose that (f,,);° converges uniformly to a continuous function f. Let (x,)5°
be a sequence of real numbers that converges to a € [0,1]. Prove that the
sequence (f,(z,))5° converges to f(a).

2. Let f : R — R be a continuously differentiable function such that lim M = (0 and

r—00 I
suppose that o = lim f(z) exists and is finite. Prove that o = 0.
Tr—00

3. Suppose {a,} and {b,}° are two sequences of real numbers, such that
Api1 — Ay = |bpyr — by| forn=10,1,....
Use properties of real numbers to prove the following two implications.

(a) If {a,} is bounded then {a,} converges.
(b) If {a,} converges then {b,} converges.

4. The distance between two nonempty sets A, B C R" is
d(A,B):=inf{|la—b||:a € A,b € B} .

(a) Suppose that A, B C R" are disjoint, nonempty, A is compact, and B is closed.
Prove that d(A, B) > 0.

(b) Give an example of disjoint closed nonempty sets A and B in R? with d(A, B) =
0. (No formal proof is required for this part.)




. Let C10, 1] be the vector space of all continuous functions on the interval [0, 1]. For
each function f € C[0,1], define

(Tf)(x) = / " ft.

(That is, to each continuous function f we assign a new function 7'f : [0,1] — R,
which is given by the integral of f as shown.)
(a) Show that 7' is a linear mapping from C[0, 1] into C[0, 1].
(b) Prove that T is one-to-one.
(c) Show that T is not onto. Hint: What property does each T f have? (There is
more than one property that can be used to answer this question!)

. Let T:' V — W be a one-to-one linear transformation between vector spaces V and
W. Let {vy, Vs, ...,v,} C V. Prove that the following statements are equivalent:
(a) {v1,Vva,..., v, } is linearly independent.

(b) {T'(v1),T(v3),....,T(vy,)} is linearly independent.

Be sure to indicate where in your proof you use the one-to-one property.

. Let

1 2
=5 1)
Prove that every matrix B with real entries such that AB = BA has the form
B = sA +tI where s,t are real numbers and I is the identity matrix.

. Let F: R? — R? be a continuously differentiable map with F(1,1) = (1,0) and with
derivative

DF(x,y) = (—yx ;) for all (z,y).

(a) Prove that F is locally invertible at (1, 1), explaining what this means and citing
the relevant theorem(s).
(b) Compute DF~1(1,0).
(c) Compute
£z, y) — F(L 1]
@y)=n (2, y) = (L, 1)]]
(Hint: notice that DF (x,y) is a scalar multiple of an orthogonal matriz).




