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QUALIFYING EXAMINATION, AUGUST 2017

In this exam R denotes the field of all real numbers and R" is n-dimensional Euclidean space.
This exam has eight questions. Proofs, or counter examples, are required for all problems.

1. Let f, g and h be three functions on the interval [—1, 1], and suppose that f < h < g
on this interval. Show that if f,g are differentiable at 0 with f(0) = ¢(0) and
f(0) = ¢’(0), then h is differentiable at zero with 2'(0) = f(0).

2. Given a non-empty set A C R, let ps : R — R be given by
pa(x) =inf{|z —z| : z € A}.

(a) Show that for all z,y € R we have |pa(x) — pa(y)| < |z —y|.

(b) Using (a) above and the definition of absolute continuity, show that p, is abso-
lutely continuous on R.

(c) Is pa differentiable everywhere? Prove or give a counterexample (with a proof
for counterexample).

3. Show that there are at least two distinct real numbers = for which
20
10
= 21.
v 1 + 22 4 cos?(x)

Hint: You might want to consider the graph of f(z) = 21 + #&ﬁ(m) —21.

4. Find all the positive integer values of n for which the function f : R? — R, given by

ooy = L i (@y) #(0,0),
f(@y) {o it (,4) = (0,0)

is differentiable at (0, 0).

5. Let f : [0,1] — R be continuous, and let I' = {(z, f(z)) : « € [0,1]}. State the
definition of connectedness, and prove that I' is a connected subset of R2. You may
use without proof the fact that the interval [0, 1] is a connected set.

6. In this question ¢! is the collection of all sequences x = {}, hren of real numbers such
that >~ o] is finite. Show that ¢! is a vector space over the field R, and that it
is an infinite-dimensional vector space.

7. Let T : R™ — R"” be a linear transformation such that for all vectors x € R" we have
|T(x)|| = ||x||. Here, || - || is the standard Euclidean norm on R™.
(a) Show that if x,y € R™ with their inner product x -y = 0, then 7'(x) - T'(y) = 0.
(b) Show that the columns of the matrix representing 7" in the standard basis of R”"
form a mutually orthogonal collection of vectors.
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8. For each positive integer n, denote by P, the collection of all polynomials in z with
coefficients in R. You may take for granted that for each P, is an n + 1-dimensional
vector space. Let T : P3s — Py be the linear map given by

px) —p(0
iy = P =20)
(a) Show that T is surjective but not injective. You do not have to prove that 7" is
a linear map.
(b) Show that the map S : Py — Ps3 given by Sp(x) = x p(z) is a right inverse of T’
(that is, T'o S is the identity map on Ps) but that S is not the inverse of T



