Ordinary Differential Equations Preliminary Exam
May 2019

1. Suppose that A is an n x n matrix that satisfies A2 = —A.
(a) Find an explicit form for e in terms of A, but without any series involving A.
(b) Determine the stability of the origin of the linear system & = Ax.

2. Consider the following linear system of equations:

% = hl _41] %, x(0) = xo.

(a) Solve the linear system.
(b) Find the stable, unstable, and center subspaces E*, E* and E°.
(c) Sketch the phase portrait.

3. Consider the following system:

& o= —yta(p—a® -y,
) = wtylp—a®—y°).

Determine the equilibria and their stability. Draw the bifurcation diagram.
(Hint: rewrite the system using polar coordinates.)

4. Let V(z, y) = 22(x — 1)? + 3. Consider the dynamical system

v _ OV
da oz’
dy _ oV
dat Oy’

(a) Find the critical points of this system and determine their linear stability.

(b) Show that V' decreases along any solution of the system.

(c) Use (b) to prove that if zo = (z0, o) is an isolated minimum of V' then z¢ is an
asymptotically stable equilibrium.



