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Instruction: Choose only fve (out of six) problems to do. Each problem is worth 20 points. 
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1. Let D ⊂ Rn be open and bounded with smooth boundary. Show that any smooth solution u of the 
nonlinear problem (

Δu + u2(1 − u) = 0 in D, 
u = 0 on ∂D, 

satisfes 0 ≤ u(x) ≤ 1 for all x ∈ D. 
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-22. Let D be the open disk D = {(x, y) ∈ R2 : x2 + y < 4} and suppose that u ∈ C2(D) ∩ C(D) is 
harmonic in D, satisfying u(0, 0) = 2 and u(0, 1) = 10. Show that u(x, y) cannot be non-negative for 
all (x, y) satisfying x2 + y2 ≤ 4. 
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3. Let L > 0 and T > 0 be fxed. Assume that u(x, t) is a smooth function that satisfes ⎧ ⎪ for (x, t) ∈ (0, L) × (0, T),⎨ ut − uxx + c(x, t)u = 0 
u(0, t) ≥ 0 and u(L, t) ≥ 0 for 0 < t < T,⎪⎩ u(x, 0) ≥ 0 for 0 < x < L, 

where c(x, t) is any function satisfying |c(x, t)| ≤ M for all (x, t) ∈ (0, L) × (0, T), and some constant 
M > 0. Show that 

u(x, t) ≥ 0 for (x, t) ∈ (0, L) × (0, T). 
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4. Let T > 0 be a given terminal time, L > 0, and h be a continuous function on [0, L]. Consider the 
following initial-boundary-value problem ⎧ ⎪ utt − uxx + u3 = 0 for (x, t) ∈ (0, L) × (0, T],⎨ 

u(0, t) = 0, u(L, t) = 0 for t ∈ [0, T], (∗)⎪⎩ u(x, 0) = 0, ut(x, 0) = h(x) for x ∈ (0, L). 

Suppose that u = u(x, t) is a smooth solution of the problem (∗). Show that for each t > 0, 
ˆ ˆ

1 2 1 1 
[ut(x, t)] + |ux(x, t)|2 dx ≤ [h(x)]2 dx.

2 2 2 
U U 

Hint: Multiply the equation by ut and use an energy argument. 
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---

⎪
⎪
⎧ ⎪1 x < −ε,⎨ 

ε − x
5. Let ε > 0 and defne for x ∈ R, g(x) = −ε ≤ x ≤ ε,

2ε⎪⎩0 x > ε. 

(a) Construct the entropy solution of the initial-value problem ( 
ut + uux = 0 in R × (0, ∞), 

u = g on R × {t = 0}. 

(b) Study what happens to the solution you constructed as ε → 0+ . 
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6. Let Ω = {(x, y) ∈ R2 : y < x2 + x, x > 0, y > 0}. Use the method of characteristics to fnd the 
solution u(x, y) of the following problem ( 

ux + uy + u = 1 for (x, y) ∈ Ω, 

u(x, x + x2) = sin(x) for x > 0. 
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