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Four Hour Time Limit 

R denotes the field of all real numbers, RnIn this 
~u · ~v = 

is n-dimensional Euclidean space with the usual dot productexam 
m 

are m by n matrices with real entries. Proofs, or counter examples, are required for all problems.j=1 uivi, Mm×n 
P 

1. Let (an)n∈N and (bn)n∈N be two sequences of real numbers such that for each integer n ≥ 2 we have |an − bn| ≤ 2−n . 
Prove that the limit limn→∞ an exists if and only if the limit limn→∞ bn exists. P∞ sin(πn/2)2. Prove that the series is convergent. Also explain whether it is absolutely convergent. n=1 n 

3. For x ∈ R, let ( 

fα(x) := 
|x|α 

0 

� 
sin 1 x =6 0,x 

x = 0. 

(a) For what α > 0 is fα differentiable on R\ {0}? Justify your answer. 
(b) For what α > 0 is fα differentiable at 0? Justify your answer. 

4. Let h : (−1, 1) → R be a differentiable function such that its derivative function h0 is Riemann integrable on the 
interval [−t, t] for each 0 < t < 1. We define H : (−1, 1) → R by settingR x 

h0(s) ds if x > 0, 
⎧ 

0⎪⎨ 

⎪⎩ 

R 0 
h0(s) ds 

x if x < 0H(x) = − 

0 if x = 0. 

Prove that there is some real number C such that for each x ∈ (−1, 1) we have H(x) = h(x) + C. 

����5. Let L be the set of all 2 × 2 real matrices with trace zero, and let 

1 0 0 1 0 0 
H = , E = , F = . 

0 −1 0 0 1 0 

(a) Show that B = {H, E, F } is a basis of L. 
(b) For A, B ∈ L, denote 

[A, B] = AB − BA. 

Show that X 7→ [H, X] is linear on L and find its matrix expression in terms of B. 

�� 

6. Suppose that A ∈Mn×n is ⎤⎡ ⎢⎢⎢⎢⎢⎢⎢⎣ 

0 0 0 . . . 0 0 −a0 

1 0 0 . . . 0 0 −a1 

0 1 0 . . . 0 0 −a2 

0 0 1 . . . 0 0 −a3 

. . . . . . . . . . . . . . . . . . 
0 0 0 . . . 1 0 −an−2 

0 0 0 . . . 0 1 −an−1 

⎥⎥⎥⎥⎥⎥⎥⎦ 

A = 

Prove that the characteristic polynomial is given by det(λI − A) = λn + an−1λ
n−1 + · · · + a1λ + a0. 

7. Let C be the space of all real continuous functions on [−π, π].R π
(a) Verify that hf, gi := f(x)g(x)dx defines an inner product on C with the corresponding norm kfk = −π 

p
hf, fi. 

(b) Consider a three dimensional subspace T of C spanned by the functions 1, sin x, cos x. Determine the function 
t ∈ T which is closest to the function ( 

x x ≥ 0,
f(x) = 

0 x < 0. 

That is, use linear algebra to find function t ∈ T that achieves the minimum of kt − fk2 . 

8. Let B1(0) denote the open unit ball in R2 . Suppose f : B1(0) → R is continuously differentiable and that its gradient 
satisfies rf(x, y) · (x, y) ≥ 0 for all (x, y) ∈ B1(0). 

Prove that f(0, 0) is the absolute minimum of f on B1(0). 
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