
✓uN'E 
Stati stic s Q ua lifying Ex am e:,2.0 0 8 

1. (20 points) Consider the no-intercept regression model ( 11ote : there is no fio) 

a) Use the method of least square to estimate /Ji. Hint : Use method of leas! square . 

b) Suppose the E; are independent with mean O and va.l'iance o2. Show Lhat the le,~% squ,,res 

estimator in part a) is unbiased. 

c) Find the variance of your least square estimator of .81. 

2. (20 points) Consider the following data and regression output. DATA LJ\CKOFFIT; 

INPUT X Y: 

CARDS; 

1 1 

1 2 

1 3 

2 6 

2 8 

3 15 

3 18: 

PROCREG : 

MODEL Y=X: 

RUN: 

Source r- Pr > F 

:Vlodcl ..r,l-';l!e!jr-1, 1"2~ <..QOO1 

Enor 

Cor rected Total 

Perform a lack-of-fit test. 

(1) Give the test statistics. 

(2) Give the reject iou region. 

(3) Carefully state the conclusion. 
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3. (20 points) l'viany consurners think that automobile,; built on Mondays am more likely to 

have serious defects than those built on any other day of the week. To support this theory. 

a random samp le of 100 cars built on .Monday is selected and inspected . Of t hese, eight arc 

found to have serious defects. A random sample of 200 cars produced on other clays reveals 

12 with serious defects. Do these data support the st~~ed co11tention? Carry out the test at 

5%level. 

4. (20 points) Let f(x) = 1/4 . -2 < -~ < 2. zero elsewhert>. b<"the probability density function 

(pd£) of a continuous random variable X. 

(a) Find the cum ulativ e distribution function (cdf) of X. 

(b) Find the pdf of Y = X 2. 

5. (20 points) Let Xi, X 2, . .. , X" be a random samp le from tl ,e common probability density 

function f(x) = e- <z-O), ~- > 0, -oo < 0 < oc : 0, Plsewhere. Let Yn= min{ X 1• X2, .. . • X,.}. 

(a) Show that the pdf of Ya.gy0 (y) = nexp{-n(y - 0) ), y > 0. 

(b) Prove that Y., is a consiste nt estimator of 0. 

(c) Is Y., an unb i':lsed estimator of 0? If not, obtain an unbiased estimator of 0 based on Y.,. 

6. (20 point.s) Let Xi and X2 be a random sample from a Poisson d ist.ribution with parameter 

0 > 0. 

(a) Is T(X) = X, + 2X2 a sufficient statistic for 0? 

(b) Show that T = X 1 + X2 is a complete sufficient statistic for 0 

(c) Find the MVUE of 0. 

(d) Pinc! the 1'v1VUE of g(0) = Po(X = 0) = c 0 . 

7. (20 points) Consider a random sample of size 100: x 1. • • ·, x100 from fl two component Gaussian 

mixture distribution 

f(x) = ir1 =1 exp { 
v21ra1 

where ir 1 and "2 Me the rnixing proportion that adds np to 011e, namely r.1 + -:r2 = I. 
(1) Show that f(x) is a density function. 

(2) Write down the likelihood function given the ra ndorn samp le. 

(3) Show that the likelihood is unbounded. Clearly state when docs the unboundedness 

happen. 
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8. (20 points) (a) Asswne a one-way A:>!OVA with the same number of observations for each 

Ll'eal·ment . Suppose the degrees of frnc<loru for treat ments is 4 and thf' <legrPP$ of freedom for 

error is 45. F ind (i) the nnmber of t rnatments, and (ii) the number of observ,\tions for each 

treatment. 

(b) For a one-way ANOVA with two groups, tl,e sample sizes are 10, a nd 20: and lhe corre­

sponding variances are 70, and 40. Find the MSE. 

(c) In a.n ANCOVA there are -l factors. each with 3 levels, and two covariates. Calculate the 

model degrees of freedom. 

9. (20 points) :vtembers of the same species living at different locations arc called ccotypes. 

Some ecot.ypes may have adapted to certa in environmenta l condit ions. To test the effects of 

low levels of hydrocarbon pollnLant.s on frog nwtabo lism. eggs were colle<'I ed from 6 locatio ns 

reprc-,;cnting 6 ecotypes of a species of common frog. Severa l hatc hery tanks were used in 

the study. 4 chemical trea tment s were added to the water in the tanks: control, A, B and a 

mix of 50 % A and 50% B. T he response variab le was a measnre of fitness of the adult frog: 

oxygen consumption iu ml O2/g/h r. (millilitres per gra ,n per hour) . 

ln the experi ment, 96 (6x4x-1) tanks were used. For each ecotypc, an egg was placed in each 

of 16 tanks. One of the chemical treat ments was acldP-<I to each ta nk, in a ('omplete ly balanced 

design . T he oxygen consumpt ion (OC) was measu red. 

a) Write a facto r effect ANOVA model for OC. assuming that ecotype (Eco) and chemical 

treatment (Chem) are both fixed. l3e sure to dd iue all the terms a u<l include any constra ints 

and distr ibut ion assumptions: 

b) Using the same parame ters as your model in a) . what changes will be made to the con­

stra ints and/o r distri bution assumpt ions if ccotype is considered a random effect? 

c) Below are the e.xpected mean squares(E.\IIS) from the fit ted model. Which model was tt<ied, 

a) orb)" Briefly justi fy your answer. 

Type III Analysis of Variance 

Source OF Sum of Squares .vlea.n Square Expect.eel ?vlean Square 

Chem 3 0.076741 0.025580 Var(R.es) + 4 Var(Chcm*Eco) + Q(Chcm) 

Eco 5 0.401380 0.080276 Var(Res) ~ 1 '4H ~@hc,111'Elesl I· 16 \/ar(Eco) 

Chern*Eco 15 0.000440 0.000029 Var(Res) -'- 4 Var(Chcm*Eco) 

Residual 72 0.003222 0.000045 Var(Res) 

<l) Using the outp ut a bove, test the stat ist ical signi fica nce of the effects of ecotype, chemical 

and their inte ractio n. 

Please give formula for lest sta tist.ic. degree of freedom, value of tes t stat ist ic, p-value and 

sta te conclusion. 
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2 The SAS System 09:48 Tuesday, June 17, 2008 

The REG Procedure 
Model: MODEL! 

Dependent Variable: y 

Number of Observations Read 7 
Number of Observations Used 7 

Analysis of Variance 

Source DF 
Sum of 

Squares 
Mean 

Square F Value Pr> F 

Model 
Error 
Corrected Tot al 

1 
5 
6 

246.06723 
15.64706 

261.71429 

246 .06723 
3 . 12941 

78.63 0.0003 

Root MSE 1 . 76901 A-Square 0.9402 
Dependent Mean 7.57 143 Adj R-Sq 0.9283 
Coef f Var 23.36434 

Parameter Estimates 

Parameter Standard 
Variable DF Estimate Error t Value Pr> It I 

Intercept 1 -5. 64706 1 . 63377 -3.46 0.0181 
X 1 7. 11765 0.80268 8.87 0.0003 



--

Table A.S Normal Probability Table 751n~ Proofs 

~ ,018 ,8 T>tble A .3 Areas under the Normal Curve 

z .00 .01 .02 ,03 .04 .05 .06 .07 .08 .09 
- 3.4 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0 .0003 0.0003 0.0002 
- 3.3 0.0005 0.0005 0.0005 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0003

.0000 -3 .2 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0006 0.0005 00005 0.0005 
.0001 - 3.1 0.0010 0.0009 0.0009 0.0009 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007
.0003 -3 .0 0.0013 0.0013 0.0013 0.0012 0.0012 O.OOll O.OOll 0.0011 0.00l0 0.0010 
.0010 - 2.9 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014 
.0029 - 2.8 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.0020 0.0019 
.0071 -2 .7 0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026 
.0154 - 2.6 0.0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0037 0.0036 
.0304 -2 .5 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048 
.0549 -2 .4 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064 
0917 - 2 .3 0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084 
.1426 -2 .2 0.0 139 0.0136 0.0132 0.0129 0.0125 0.0122 O.Oll9 O.Oll6 0.0113 O.OllO 
.2081 - 2.1 0.0179 001 74 0.01 70 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143 
.2867 - 2.0 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183 

-1.9 0.0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244 0.0239 0.0233 
.4686 
.3751 

- 1.8 0.0359 0.035 1 0.0344 0.0336 0.0329 0.032 2 0.0314 0.0307 0.0301 0.0294 
.5622 -1.7 0.0446 0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367 I 

.6509 - 1.6 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455 

.7307 -1.5 0.0668 0.0655 0.0643 0.0630 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559 l 
- 1.4 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681 

.8551 

.7991 
-1.3 0.0968 0.095 1 0.0934 0.0918 0.0901 0.0885 0.0869 0.0853 0.0838 0.0823 
- 1.2 0.115 1 0.1131 0.1112 0.1093 0.1075 0.1056 0.1038 0.1020 0.1003 0.0985 I8989 

9317 -1.1 0.1357 0.1335 0.1314 0.1292 0.1271 0.1251 0.1230 0.1210 01190 0.1170 f 
9554 -1.0 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1446 0.1423 0.1401 0.1379 

- 0.9 0.1841 0.1814 0.1788 0.1762 0.1736 0.1711 0.1685 0.1660 0.1635 0.16119718 
-0.8 0.2119 0.2090 0.2061 0.2033 0.2005 0.1977 0.1949 0.1922 0.1894 0.1867 I9827 
- 0.7 0.2420 0.2389 0.2358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2177 0.2148 9897 
- 0.6 0.2743 0.2709 0.2676 0.2643 0.26ll 0.2578 0.2546 0.2514 0.2483 0.2451 9941 t-o.s 03085 0.3050 03015 0.2981 0.2946 0.2912 0.2877 0.2843 0.2810 0.2776 f9967 t 
- 0.4 0.3446 0.3 409 0.33 72 0.3336 0.3300 0.3264 0.3228 0.3192 0.3156 0.3121 j9982 - 0.3 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.3520 0.34839990 
- 0.2 0.4207 0.4168 0.4129 0.4090 0.4052 0.4013 0.39 74 0.3936 0.3897 0.38599995 -0 .1 0.4602 0.4562 0.4522 04483 0.4443 04404 0.4364 0.4325 0.4286 U.42479998 -0 .0 0.5000 0.4960 0.4920 0.4880 0.4840 0.4801 0.4761 0.4721 0.4681 0.4641 ~ 

9999 [ 
9999 

~ 

~ 



!ind Proofs 

.09 

0.5359 
0.5753 
0.6141 
0.6517 
0.6879 

0.7224 
0.7549 
0.7852 
08133 
0.8389 

0.8621 
0.8830 
0.9015 
0.9177 
0.9319 

0.9441 
0.9545 

Table A.4 Student t-D,stributian P1'0lxtl1ilit11 Table 753 

~ 
CTable A.4 Critical Values of the I-Distribution • 

C, 

V 0.40 0.30 0 .2 0 0 .15 0 .10 0.05 0.025 

l 0.325 0.727 1.376 1.963 3.078 6.314 12.706 
2 0.289 0.617 1.0(il 1.386 1.886 2.920 4.303 
3 0.277 0.584 0.978 l.250 1.638 2.353 3.182 
4 0.271 0.569 0941 1.190 l.533 2.132 2.776 
5 0.267 0.559 0.920 1.156 1.476 2.015 2.5il 

6 0.265 0.553 0.906 1.134 1.440 1.943 2.447 
7 0.263 0.549 0.896 l.119 l.415 l.895 2.365 
8 0.262 0.546 0.889 1.108 l.397 1.860 2.306 
9 0.261 0.543 0.883 l .100 1.383 1.833 2.262 

10 0.260 0.542 0.879 1.093 1.372 1.812 2.228 

11 0.260 0.540 0.876 1.088 1.363 1.796 2.201 

I 
12 0.259 0.539 0.873 1.083 1.356 1.782 2.179 
13 0.259 0.538 0.870 1.079 1.350 1.771 2.160

0.9633 
14 0.258 0.537 0.868 1.076 1.345 1.761 21450.9706 
15 0.258 0.536 0.866 1.074 1.341 1.753 2.131

0.9767 
16 0.258 0.535 0.865 1.071 1.337 1.746 2.120

0.9817 17 0.257 0.534 0.863 1.069 1.333 1.740 2.110 
0.9857 18 0.257 0.534 0.862 1.067 1.330 1.734 2.101
0.9890 

19 0.257 0.533 0.861 1.066 1.328 1.729 2.093 
0.9916 

20 0.257 0.533 0.860 1.064 l.325 1.725 2.086
0.9936 

21 0.257 0.532 0.859 1.063 l.323 1.721 2.080
0.9952 

22 0.256 0.532 0.858 1.061 1.321 1.717 2.074
0.9964 

23 0.256 0.532 0.858 1.060 1.319 1.714 2.0690.9974 
24 0.256 0.531 0.857 1.059 1.318 1.711 2.0640.9981 
25 0.256 0.531 0.856 1.058 1.316 1.708 2.0600.9986 
26 0.256 0.531 0.856 1.058 1.315 1.706 2.056 0.9990 
27 0.256 0.531 0.855 1.057 1.314 1.703 2.0520.9993 
28 0.256 0.530 0.855 1.056 J.313 1.701 2.0480.9995 
29 0.256 0.530 0.854 1.055 1.311 1.699 2.0450.9997 
30 0.256 0.530 0.854 1.055 l.310 1.697 2.0420.9998 
40 0.255 0.529 0.851 1.050 1.303 1.684 2.021 -
60 0.254 0.527 0.848 l.045 l.296 1.G7l 2.000 

120 0.254 0.526 0.84.5 1.041 l.289 1.658 1.980 
00 0.253 0.524 0.842 l.036 1.282 1.645 1.960 

~· 

.. -. l' 



5 

10 

15 

20 

25 

30 

754 Appendix A Statist ical Tables aud Prvofs 

Tab le A.4 (c-ontinue<.I)Critical Value>< of the t-Distriburion 

Q 

0.02 0.015 0.01 0.0075 0.005 0.0025 0.0005V 

l 15.894 21.205 :n .s21 42.433 63.656 127.321 636.578 
2 4.849 5643 6.965 8073 9.925 14.089 31.600 
3 3.482 3.896 4.541 5.047 5.841 7.453 12.924 
4 2.999 3298 3.747 4.088 4.G04 5.598 8.()10 

2.757 3.003 3305 3.634 4.032 4.773 6.869 

6 2.l'H2 2.829 3.143 3.372 3.707 4.317 5.959 
1 2.517 2.715 2.998 3203 3.499 4.029 5.408 
8 2.449 2.634 2896 3.085 3.355 3.833 5.041 
9 2.398 2.574 2.821 2.998 3.250 3690 4.781 

2.359 2.527 2.764 2.932 3.169 3.581 4.587 

11 2.328 2.491 2.718 2.879 3. 106 3.497 4.437 
12 2.303 2.461 2.681 2.836 3.055 3.428 4.318 
13 2.282 2.436 2.650 2.801 3.012 3.372 4.221 
14 2.264 2.415 2.624 2.771 2.977 3.326 4.140 

2.249 2.397 2.602 2.746 2.947 3.286 4.073 

16 2.235 2.382 2.583 2.724 2.921 3.252 4.015 
17 2.224 2.368 2.567 2.706 2.898 3.222 3.965 
18 2.214 2.356 2.552 2.689 2.878 3.197 3.922 
19 2.205 2.346 2.539 2.674 2.861 3.174 3.883 

2197 2.336 2.528 2.661 2.845 3.153 3.850 

21 2.189 2.328 2.518 2.649 2.831 3.135 3.819 
22 2.183 2.320 2.508 2.639 2.819 3.119 3.792 
23 2.177 2.313 2.500 2629 2.807 3.104 3.768 
24 2.172 2.307 2.492 2.620 2.797 3.091 3.745 

2.167 2.301 2.485 2.612 2.787 3.078 3.725 

26 2.162 2.296 2.479 2.605 2.779 3.067 3.707 
27 2.158 2.291 2.473 2.598 2.771 3.057 3.689 
28 2.154 2.286 2.467 2.592 2.763 3.047 3.674 
29 2.150 2.282 2.462 2.586 2.756 3.038 3.660 

2.147 2.278 2.457 2.581 2.750 3.030 3.646 

40 2.123 2.250 2.423 2.542 2.704 2.971 3.551 
60 2.099 2.223 2.390 2.504 2.660 2.915 3.460 

120 2.076 2.196 2.358 2468 2.617 2.860 3.373 
00 2.054 2.170 2.326 2.432 2.576 2.807 3.290 
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-0005-
6.578 
1.600 
2.924 
8.610 
6.869 

5.959 
5.408 
5.041 
4.781 
4.587 

4.437 
4.318 
4.221 
4.140 
4.073 

4.015 
3.965 
3.922 
3.883 
3.850 

3.819 
3.792 
3768 
3.745 
3.725 

3.707 
3.689 
3.674 
3.660 
3.646 

3.551 
3.460 
3.373 
3.290-

Table .4.5 Chi-Squared Distribution Probability Table 755 

Table A.5 Critical Values of the Chi-Squared Distribution • ,! 

Ct 

"ti 0.995 0 .99 0.98 0.975 0 .95 0.90 0.80 0.75 0.70 0.50 
1 o.0•393 
2 0.0100 
3 00717 
4 0.207 
5 0.412 

6 0.676 
7 0.989 

! 

I 8 1.344 
9 1.735 

l 10 2.156
! 

11 2.603 

I 12 3.074 

I 13 3.565 
14 4.075 

I 

1 
15 4.601 

16 5.142 
17 5.697 
18 6.265l 

I 
19 6.844 
20 7.434 

2 1 8.034 
22 8.643 
23 9.260 
24 9.886 
25 10.520 

26 11.160 
27 ll.808 
28 12.461 
29 13.121 
30 13.787 

40 20.707 
50 27.991 
60 35.534 

0.03157 
0.0201 
0.115 
0.297 
0.554 

0.872 
1.239 
1.647 
2.088 
2.558 

3.053 
3.571 
4.107 
4.660 
5.229 

5.812 
6.408 
7.015 
7.633 
8.260 

8.897 
9.542 

10.196 
10.856 
11.524 

12.198 
12.878 
13.565 
l4.256 
14.953 

22.164 
29.707 
37.485 

0.03628 
0.0404 
0.185 
0.429 
0.752 

1.134 
1.564 
2.032 
2.532 
3.059 

3.609 
4.178 
4.765 
5.368 
5.985 

6.614 
7.255 
7.906 
8.567 
9.237 

9.915 
10.600 
11.293 
11.992 
12.697 

13.409 
14.125 
14.847 
15.574 
16.306 

23.838 
31.664 
39.699 

0.03 982 
0.0506 
0216 
0.484 
0.831 

1.237 
1.690 
2.180 
2.700 
3.247 

3.816 
4.404 
5.009 
5.629 
6.262 

6.908 
7.564 
8.231 
8.907 
9.591 

10.283 
10.982 
11.689 
12.401 
13.120 

13.844 
14.573 
15.308 
16.047 
16.791 

24.433 
32.357 
40.482 

0.00393 
0.103 
0.352 
0.711 
l.145 

1.635 
2.167 
2.733 
3.325 
3.940 

4.575 
5.226 
5.892 
6.571 
7.261 

7.962 
8.672 
9.390 

10.117 
10.851 

11.591 
12.338 
13.091 
13.848 
14.611 

15.379 
16.151 
16.928 
17.708 
18.493 

26.509 
34.764 
43.188 

0.0158 
0.211 
0.584 
1.064 
1.610 

2.204 
2.833 
3.490 
4168 
4.865 

5.578 
6.304 
7.041 
7.790 
8.547 

9.312 
10.085 
10.865 
11651 
12.443 

13.240 
14041 
14.848 
15.659 
16.473 

17.292 
18.114 
18.939 
19.768 
20.599 

29.051 
37.689 
46.459 

0.0642 
0.446 
l.005 
1.649 
2.343 

3.070 
3.822 
4.594 
5.380 
6.179 

6.989 
7.807 
8.634 
9.467 

10.307 

11.152 
12.002 
l2.857 
13.716 
14.578 

15.445 
16.314 
17.187 
18.062 
18.940 

19.820 
20.703 
21.588 
22.475 
23.364 

32.345 
41.449 
50.641 

0.102 0.148 0.455 
0.575 0.713 1.386 
1.213 1.424 2.366 
1.923 2.195 3.357 
2.675 3.000 4.351 

3.455 3.828 5.348 
4.255 4.671 6.346 
5.071 5.527 7.344 
5.899 6.393 8.343 
6.737 7.267 9.342 

7.584 8.148 10.341 
8.438 9.034 11.340 
9.299 9.926 12340 

10.165 10.821 13.339 
11.037 11.721 14.339 

11.912 12.624 15.338 
12.792 13.531 16.338 
13.675 14.440 17.338 
14.562 15.352 18.338 
15.452 16266 19.337 

16.344 17.182 20.337 
17.240 18.101 21.337 
18.137 19.021 22.337 
19.037 19.943 23.337 
19.939 20.867 24.337 

20.843 21.792 25.336 
21.749 22.719 26.336 
22.657 23.647 27.336 
23.567 24.577 28.336 
24.478 25.508 29.336 

33.66 34.872 39.335 
42.942 44.313 49.335 
52.294 53.809 59.335 
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Ta bl e A.5 (continuerl) Cr it ical V»lucs of the Clti-Squiued Distributio11 

0: 

ti 0 .30 0.2 5 0 .20 0.1 0 0 .05 0 .025 0.02 0.01 0.005 0 .001 
l l.Oi4 1.323 l.G42 2.706 3.841 ,j .02,.J :J.412 (i.635 i .879 l 0.827 
2 2.408 2.773 3.21D 4.605 5.991 7 378 7.824 9.210 10.51)7 l 3.!!15 
3 3.GG5 4.108 4.642 G.251 7.815 9.348 9.837 11..345 12.838 JG.26G 
4 4.878 5.385 5.989 7.779 9488 11.143 J 1.668 l:l.277 14.800 Jl;AGG 

G.064 G.G26 7.289 9.236 1U170 12832 13.388 15.08G rn. 1;,o 20.f,15 
6 7.231 7.8,J] 8.558 10.645 12.G92 14.4•19 15.0:13 J(i.812 18.548 22.457 
7 s .:1s3 9.IJ:J7 !1.803 12.017 14.0G7 J.G.013 1G.G22 18.475 20.278 24 .;!2 l 
8 !/.524 10.219 11.030 13 362 15.507 17.535 18168 20.090 21.955 26124 
0 10.G3G 1 J.38() 12.242 14 684 lG.919 19.023 19.GW 21.GGG 23.589 27.877 

1J.78J 12.549 13.442 15.987 18.307 20.-183 21.lGl 23209 25.188 20.GSS 
11 12.orw 13.701 !4 .G31 17.275 19.675 2 1.()20 22.G18 24.72G 26 757 :!1.264 
12 1,1.011 14.845 15.812 18.549 21.026 23.337 24.054 26.217 28.300 32.fl09 
13 15.119 15.984 J().985 19.812 22.362 24.73G 25.471 27.688 29.819 34.527 
14 '16.222 17.117 18.151 21064 23.685 26.119 26.873 29.141 31.:n9 36.124 

17.322 1$.245 19.311 22.307 24.996 27.488 28.259 30.578 32.8(11 37.698 
16 18.418 19.369 20.4.65 23.542 26.296 28.845 29.633 32.000 34.267 39.252 
17 19.511 20.489 21.615 24.769 27.587 30.191 30.995 33.409 35.718 40. 791 
18 20.601 21.605 22.760 25.989 28.869 31.526 32346 34.805 37.156 42.312 
19 21.G89 22.718 23.900 27.204 30.144 32.852 33.687 36.191 38.582 43819 

22.775 23.828 25.038 28.412 31.410 34.170 35.020 37.566 3().997 45.314 
21 23.858 24.935 26.171 29.615 32.671 35.479 36.343 38.932 4 1.401 Hl.796 
22 24.939 26.039 27.301 30.813 33.924 36.781 37.659 40.289 42.796 48.268 
23 26018 27.]41 28.429 32.007 35.172 38.076 38.968 41.638 44.181 49.728 
24 27.096 28.241 29.553 33.196 36.415 39.3G4 40.270 42.980 45.558 51.179 

28 J72 29.339 30.675 34.382 37.652 40.646 41.566 44.314 46.928 52.619 
26 29.246 30.435 31.795 35.563 38.885 41.923 42.856 45.642 48.290 54.051 
27 30.319 31.528 32.912 36.741 40.113 43.195 44.140 46.963 49.645 55475 
28 31.391 32.620 34.027 37.916 41.337 44.461 45.419 48.278 50.994 56.892 
29 32.461 33.711 35.139 39.087 42.557 45.722 46.693 49.588 52.335 583 01 

33.;30 34.800 36.250 40.256 43.773 46.979 47.962 50.892 53.672 59.702 

40 44.165 45.616 47.269 51.805 55.758 59.342 60.436 63.691 66.766 73.403 
50 54.723 56.334 58.164 63.167 67.505 71.420 72 613 76.154 79.<190 86.660 
60 65.226 66.081 68.972 74.397 79.082 83.298 84.58 88.379 91.952 99.608 



and Prooj s Table A .6 F-Distl'ibution hobability Table 757 

~ Tab le A .6• Critical Values of the F-Distribntion (.
0.001 • 

j 
fo .oo(v,,v2) 10.827 i 

13.815 l V2 l 2 3 4 5 6 7 8 9 
16.2GG 1 161.45 199.50 215.71 224.58 230.lG 233 .99 23G.77 238.88 240.54 
18.4G6 ! 2 18.51 19.00 19.16 l!J.25 19.30 19.33 1935 19.37 19.38l 
20.515 3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 

4 7.71 6.94 6.59 6.39 6.26 (:UIS G.09 6.04 6.0022.457 t 
! 5 G.61 5.79 5.41 5.19 5.05 4.95 488 4.82 4.7724.321 

26.124 6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 
27.877 7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 368f29.588 8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39' i 9 5.12 4.26 3.86 363 3.48 3.37 3.29 3.23 3 18 31264 '• 10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 32.909 ' 
34.527 j 11 4.84 3.98 3.59 3.36 3.20 3.09 301 2.95 2.90 
36.124 12 4.75 3.89 349 3.26 3.11 300 2.91 2.85 2.80 I-37.698 13 4.67 3.81 3.41 3.18 3.03 2.92 283 2.77 2.71 • 14 4.60 3.74 334 3.11 2.96 2.85 2.76 2.70 2.6539.252 l 15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 40,791 
42.312 16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 
43.819 17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 ..
45.314 ,. 18 4.41 3.55 316 2.93 2.77 2.66 2.58 2.51 2.46 

19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42 46.796 
20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.3948.268 

49.728 21 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37 
51.179 22 4.30 344 3.05 282 2.66 2.55 2.46 2.40 2.34 
52.619 23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 2.32l 

24 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.3054.051 -
25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28 55.475 

56.892 26 4.23 3.37 2.98 2.74 2.59 2.47 2.39 2.32 2.27 
58.301 27 4.21 3.35 2.96 2.73 2.57 2.46 2.37 2.31 2.25 
59.702 28 4.20 3.34 2.95 2.71 256 2.45 2.36 2.29 2.24 ,, 
73.403 29 4. 18 3.33 2.93 2.70 2.55 2.43 2.35 2.28 2.22 

86.660 .;,; 30 4.17 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21 
99.608 40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12 

60 4.00 3.15 2.76 2.53 2.37 2.25 2.17 2.10 2.04 
120 3.92 3.07 268 2.45 2.29 2.18 2.09 2.02 1.96 

CX) 3.84 3.00 2.60 2.37 2.2] 2.10 2.01 1.94 1.88 

*Reproduced from Table 18 of Biometr,ka Tables for Statisticians, Vol. I, by perm ission of E.S. 
Pearson and the Biometrika 'I\-ustees. 
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Table A.6 (cont inued) Critical Values of the F-Distributiou Ta -
fo.os ( 1J1, v2) 

't12 10 12 15 20 24 30 40 60 120 00 ~ 
1 241.88 243.91 245.95 248.01 249.05 250.10 251.14 252.20 253.25 254.31 1 
2 19.40 19.41 19.43 19.45 19.45 19.46 19.47 19.48 19.49 19.50 2 
3 8.79 8.74 8.70 8.66 8.64 8.62 8.59 8.57 8.55 38.53 
4 5.96 5.91 586 5.80 5.77 5.75 5.72 5.G9 5.66 5.63 4 
5 4.74 4.68 4.G2 4.56 4.53 1.50 4.4G 4.43 4.40 4.36 5 
6 4.06 4.00 3.94 3.87 384 3.81 3 77 3.74 3.70 3.67 f 
7 3.64 3.57 3.5 l 3.44 3.41 3.38 334 3.30 3.27 3.23 7 
8 335 328 3.22 3.15 3.12 3.08 3.04 3.01 2.97 2.93 f 
9 3.14 3.07 3.01 2.94 2.90 2.86 2.83 2.79 2.75 2.71 { 

l(10 2.98 2.91 2.85 2.77 2.74 2.70 2.66 2.62 2.58 2.54 
11 285 2.79 2.72 2.65 2.61 2.57 2.53 2.49 2.45 2.40 ll 
12 2.75 2.69 2.62 2.54 2.51 2.47 2.43 2.38 2.34 2.30 1: 
13 2.67 2.60 2.53 2.46 2.42 2.38 2.34 2.30 2.25 2.21 1: 

i, 

15 254 2.48 2.40 2.33 2.29 2.25 2.20 2.16 2.11 2.07 
14 2.60 2.53 2.46 2.39 2.35 2.31 2.27 2.22 2.18 2.13 

Ii 

16 2.49 2.42 2.35 2.28 2.24 2.19 2.15 2.11 2.06 2.01 11 
17 2.45 2.38 2.31 2.23 2.19 2.15 2.10 2.06 2.01 1.96 l l' 
18 2.41 2.34 2.27 2.19 2.15 211 2.06 2.02 1.97 1.92 11 
19 2.38 2.31 2.23 2.16 2.11 2.07 2.03 1.98 1.93 l.88 l ! 
20 2.35 2.28 2.20 2.12 2.08 2.04 1.99 1.95 1.90 1.84 21 

21 2.32 2.25 2.18 2.10 2.05 2.01 1.96 1.92 1.87 1.81 2 
22 2.30 2.23 2.15 2.07 2.03 1.98 1.94 1.89 1.84 1.78 2 
23 2.27 2.20 2.13 2.05 2.01 1.96 1.91 1.86 1.81 1.76 2 
24 2.25 2.18 2.11 2.03 1.98 1.94 1.89 1.84 1.79 1.73 2 
25 2.24 2.16 2.09 2.01 1.96 1.92 1.87 1.82 1.77 1.71 2 

26 2.22 2.15 2.07 1.99 1.95 1.90 1.85 1.80 1.75 1.69 2 
27 2.20 2.13 2.06 1.97 1.93 1.88 1.84 1. 79 1.73 1.67 2 
28 2.19 2.12 204 1.96 1.91 1.87 1.82 1. 77 1.71 1.65 2 
29 2.18 2.10 2.03 1.94 1.90 1.85 1.81 1.75 1.70 1.64 2 
30 2.16 2.09 2.01 1.93 1.89 1.84 1.79 1.74 1.68 1.62 3 

40 2.08 2.00 1.92 1.84 1.79 174 1.69 l.64 1.58 1.51 4 

60 1.99 1.92 1.84 1.75 1.70 1.65 1.59 1.53 1.47 1.39 € 
120 1.91 1.83 1.75 1.66 1.61 1.55 1.50 1.43 1.35 1.25 1, 

' 1.00 00 1.83 1.75 1.67 1.57 1.52 146 l .39 1.32 1.22 C 



I Table A.6 (continued) Critical Values of the F-Distribution 

I /0.01 ( 1J1, 1J2) 

00 I V 2 1 2 3 4 5 6 7 8 9 

254.31 
19.50 
8.53 
5.63 
4.36 

I 
I 
I 

1 
2 
3 
4 
5 

4052.18 
9850 
34.12 
21.20 
16.26 

4999.50 
99.00 
30.82 
18.00 
13.27 

5403.35 
9917 
29.46 
16.69 
12.06 

5624.58 
99.25 
28.71 
15.98 
11.39 

57G3.65 
99.30 
28.24 
15.52 
10.97 

5858.99 
99.33 
27.91 
15.21 
J0.67 

5928.36 
99.36 
27.67 
14.98 
10.46 

5981.07 
99.37 
27.49 
14.80 
10.29 

6022.47 
99.39 
27.35 
14.66 
10.16 

3.67 6 13.75 10.92 9.78 9.15 8.75 8.47 8.26 8.10 7.98 
323 
2.93 
2.71 
2.54 

2.40 
2.30 
2.21 

l 
I 

7 
8 
9 

10 

11 
12 
13 

12.25 
11.26 
10.56 
10.04 
9.65 
9.33 
9.07 

9.55 
8.65 
8.02 
7.56 

7.21 
6.93 
6.70 

8.45 
7.59 
6.99 
6.55 

6.22 
5.95 
5.74 

7.85 
7.01 
6.42 
5.99 

5.67 
5.41 
5.21 

7.46 
6.63 
6.06 
5.64 
5.32 
5.06 
4.86 

7.19 
6.37 
5.80 
53 9 
5.07 
4.82 
4.62 

6.99 
618 
5.61 
5.20 

4.89 
4.64 
4.44 

6.84 
6.03 
5.47 
5.06 

4.14 
4.50 
4.30 

6.72 
5.91 
5.35 
4.94 

4.63 
4.39 
4.19 

2.13 ! 
1 14 8.86 6.51 5.56 5.04 4.69 4.46 4.28 4.14 4.03 

2.07 

2.01 
1.96 
1.92 
1.88 
1.84 

1.81 

l 

l
•
I 

15 

16 
17 
18 
19 
20 

21 

8.68 

8.53 
8.40 
8.29 
8.18 
8.10 
8.02 

6.36 
6.23 
6.11 
6.01 
5.93 
5.85 

5.78 

5.42 
5.29 
5.18 
5.09 
5.01 
4.94 

4.87 

4.89 

4.77 
4.67 
4.58 
4.50 
4.43 
4.37 

4.56 

4.44 
4.34 
425 
4.17 
4.10 
4.04 

4.32 

4.20 
4.10 
4.01 
3.94 
3.87 
3.81 

4.14 
4.03 
3.93 
3.84 
3.77 
3.70 
3.64 

4.00 
3.89 
3.79 
3.71 
3.63 
3.56 
3.51 

3.89 

3.78 
3.68 
3.60 
3.52 
3.46 

3.40 
J.78 22 7.95 5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35 
J.76 23 7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 
1.73 24 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26 
1.71 25 7.77 5.57 4.68 4.18 3.85 3.63 3.46 3.32 3.22 

1.69 26 7.72 5.53 4.64 4.14 3.82 3.59 3.42 3.29 3.18 
1.67 
J.65 
1.64 
1.62 
J.51 
1.39 
1.25 
1.00 

I 
l 

' 

I
I 

I 

27 
28 
29 
30 
40 
60 

120 
00 

7.68 
7.G4 
7.60 
7.56 

7.31 
7.08 
6.85 
6.63 

5.49 
5.45 
5.42 
539 
5.18 
4.98 
4.79 
4.61 

4.60 
4.57 
4.54 
4.51 
4.31 
4.13 
3.95 
3.78 

4.11 
4.07 
4.04 
4.02 

383 
3.65 
3.48 
3.32 

3.78 
3.75 
3.73 
3.70 
3.51 
3.34 
3.17 
3.02 

3.56 
3.53 
3.50 
3.47 
3.29 
3.12 
2.96 
2.80 

3.39 
3.36 
3.33 
3.30 

3.12 
2.95 
2.79 
2.64 

3.26 
3.23 
320 
3.17 

2.99 
2.82 
2.66 
2.51 

3.15 
3.12 
3.09 
3.07 

2.89 
2.72 
2.56 
2.41 

'.l 
L 
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Table A.6 (con,inucd) Critical Values of ehe F-Distrihution 

fo,01(V1, V2) 

't/2 10 12 15 20 24 30 40 60 120 00 

1 (i055.85 GJ06.32 Gl57.28 6208.73 6234.63 G2(;0.65 6280.78 6313.03 G339.J9 G3G5.8G 
2 99.40 99.42 99.43 99.45 99.46 99.47 9/).47 !)9.48 994 9 99.50 
3 27.23 27.05 2G.87 26.69 21).()0 2650 2G.41 26.32 2G.22 26.13 
4 14.55 '14.37 14.20 14.02 13.93 13.84 I :l.75 13 05 13.5G 13 46 

10.0.:; 9.89 fJ.72 f.1.55 947 9.38 9.29 9.20 911 9.02 
6 787 7.72 7.56 7.40 7 31 7.23 7.14 7.0G 6.97 G.88 
7 6G2 G.47 G.31 (i.16 6.07 5.99 5.91 f.i.82 5.74 5.65 
8 5.81 5.67 G.52 5.36 5.28 5.20 5.12 G.113 4.95 4.86 
9 5.2G 5.11 4.96 4.81 4.73 4.65 4.57 4.48 4.<10 4.31 

4.85 4.71 4 .56 4.41 4.33 4.25 4.17 4.08 4.00 3.91 
11 4.54 4.40 4.25 4.10 4.02 3.94 386 3.78 3.69 3.GO 
12 4.30 4.16 4.01 3.86 378 3.70 3.62 ~t54 3.45 3.36 
13 410 3.96 3.82 3.66 3.59 3.51 3.43 3.34 3.25 3.17 
14 3.94 3.80 3.66 3.51 3.43 335 3.27 3.18 3.09 3.00 

3.80 3.67 3.52 3.37 3.29 3.21 3.13 3.05 2.96 2.87 
16 3.69 3.55 3.41 3.26 3.18 3.10 3.02 2.93 2.84 2.75 
17 3.59 3.46 3.31 3.16 3.08 3.00 2.92 2.83 2.75 2.65 
18 3.51 3.37 3.23 3.08 3.00 2.!)2 2.84 2.75 2.66 2.57 
19 3.43 3 30 3.15 3.00 2.92 2.84 2.76 2.67 2.58 2.49 

3.37 3.23 3.09 2.94 2.86 2.78 2.69 2.61 2.52 2.42 
21 3.31 3.17 3.03 2.88 2.80 2.72 2.64 2.55 2.46 2.36 
22 3.26 3.12 2.98 2.83 2.75 2.67 2.58 2.50 2.40 2.31 
23 3.21 3.07 2.93 2.78 2.70 2.62 2.54 2.45 2.35 2.26 
24 3.17 3.03 2.89 2.74 2.66 2.58 2.49 2.40 2.31 2.21 

3.13 2.99 285 2.70 2.62 2.54 2.45 2.36 2.27 2.17 

26 3.09 2.96 2.81 2.66 2.58 2.50 2.42 2.33 2.23 2.13 
27 3.06 2.93 2.78 2.63 2.55 2.47 2.38 2.29 2.20 2.10 
28 3.03 2.90 2.75 2.60 2.52 2.44 2.35 2.26 2.17 2.06 
29 3.00 2.87 2.73 2.57 2.49 2.41 2.33 2.23 2.14 2.03 

2.98 2.84 2 70 2.55 2.47 2.39 2.30 2.21 2.11 2.01 

40 2.80 2.66 2.52 2.37 2.29 2.20 2.11 2.02 1.92 1.80 
60 2.63 2.50 2.35 2.20 2.12 2.03 1.94 1.84 1.73 J.60 

120 2.47 2.34 2.19 2.03 1.95 J.86 1.76 1.66 1.53 1.38 
00 2.32 2.18 2.04 1.88 1.79 1.70 159 J.47 1.32 1.00 


