JoNE
Statistics Qualifying Exam ~200&

1. {20 points) Consider the no-intercept regression maodel [ note : there is no &)

W = G+ o6

a) Use the method of least square to estimate 3;. Hint: Use method of least square,

b) Suppose the ¢ are independent with mean 0 and variance #°. Show that the least squares

estimator in part a) is unbiased.
¢) Find the variance of vour least square estimator of 3.

2. (20 points) Consider the following data and regression output. DATA LACKOFFIT;
INPUT X Y;

CARDS;

I 2

1 3

2 6

2 B

3 15

3 18

PROC REG;
MODEL Y=X;
RUN:;

Analysis of Variance

Source DF ‘)S 423 MS F Pr>F
Model 1 -+ FHFHROGT ARSI T deet—
Corrected Total 6 20685+

.;.{p{.'ql*lf

Error

Perform a lack-of-fit test,
(1) Give the test statistics.
(2} Give the rejection region,

(3} Carefully state the conclusion.
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(20 points) Many consumers think that automobiles built on Mondays are more likely to
have serious defects than those built on any other day of the week. To support this theory,
a random sample of 100 cars built on Monday 15 selected and inspected. Of these, eight are
found to have serious defects. A random sample of 200 cars produced on other days reveals
12 with serious defects. Do these data support the stated contention? Carry out the test at

5% level,

(20 points) Let f(z) =1/4, =2 < ¢ < 2, zero elsewhere, be the probability density funetion
(pdf) of a continuous random variable X,
(a) Find the eumulative distribution function (cdf) of X.

(b) Find the pdf of ¥ = X2.

{20 points) Let X, X3,..., X, be a random sample from the common probability density

function f(x) = e =% =6, -0 < 8 < oo 0, elsewhere, Let Y = minl X X or Xk

(a) Show that the pdf of ¥, gy, (y) = nexp{—n(y— &)}, y = 4.

(b) Prove that ¥, is a consistent estimator of #.

(c) Is Y, an unhiased estimator of 87 If not, obtain an unbiased estimator of # based on Y;,.
(20 points) Let Xy and X3 be a random sample from a Poisson distribution with parameter
t >0

{a) Is T(X)} = X; + 2X» a sufficient statistic for 82

(b) Show that T = X + X is a complete sufficient statistic for 8

{¢) Find the MVUE of 8,

(d) Find the MVUE of g(#) = F3(X =0) =",

{20 points) Consider a random sample of size 100: x1. -, z1pp from a two component Gaussian

mixture distribution

fix]:”l%ﬂ-‘ip {—M}+Wz —l . exp{—W}

VLT

where 7 and 7 are the mixing proportion that adds up to one, namely m + m = 1.
(1) Show that f(x) is a density function.
(2) Write down the likelihood function given the random sample,

(3) Show that the likelihood is unbounded. Clearly state when does the unboundedness
happen.



8. (20 points) (a) Assume a one-way ANOVA with the same number of observations for each
treatment. Suppose the degrees of freedom for treatments is 4 and the degrees of freedom for
error is 45. Find (i) the number of treatments, and (ii) the number of observations for each

treatment.

(b) For a one-way ANOVA with two groups, the sample sizes are 10, and 20; and the corre-
sponding variances are 70, and 40, Find the MSE.

{¢) In an ANCOVA there are 4 factors. each with 3 levels, and two covariates. Calculate the

model degrees of freedom.

9. (20 points) Members of the same species living at different locations are called ecotypes.
Some ecotypes may have adapted to certain environmental conditions, To test the effects of
low levels of hydroearbon pollutants on [rog metabolism, eges were collected from 6 locations
representing 6 ecotypes of a species of common frog. Several hatchery tanks were used in
the study. 4 chemical treatments were added to the water in the tanks: control, A, B and a
mix of 50 % A and 50% B. The response variable was a measure of fitness of the adult frog:

oxygen consumption in ml O2/g/hr. {millilitres per gram per hour).

In the experiment, 96 (Gx4xd) tanks were used. For each ccotype. an egg was placed in each
of 16 tanks. One of the chemical treatments was added to each tank, in a completely halanced

design. The oxygen consumption (OC) was measured.

a) Write a factor effect ANOVA model for OC, assuming that ecotype (Eco) and chemical
treatment (Chem) are both fixed. Be sure to define all the terms and include any constraints

and distribution assumptions:

b) Using the same parameters as your maodel in-a), what changes will be made to the con-

straints and /or distribution assumptions if ecotype is considered a random effect?

c) Below are the expected mean squares{ EMS) from the fitted model. Which model was used,

a) or b)? Briefly justify your answer,

Type 111 Analysis of Variance

Source DF  Sum of Squares Mean Square Expected Mean Square
Chem 3 0076741 0.025580 Var{Res) + 4 Var(Chem*Eco) + Q(Chem)
Eco 5 0.401380 0.080276  Var(Res) + 4<Merfhmmifes) + 16 Var(Eco)
Chem*Eco 15 0000440 (. 000025 Var(Res) + 4 Var(Chem*Eco)
Residual 72 0.003222 0.000045 Var(Res)

d) Using the output above, test the statistical significance of the effects of ecotvpe, chemical

and their interaction,

Flease give formula for test statistic, degree of freedom, value ol test statistic, p-value and

state coneclusion,


http:statist.ic

The SAS System 09:48 Tuesday, June 17, 2008
The REG Procedure
Model: MODEL1
Dependent Variable: Y
Number of Observations Read 7
Number of Obserwvations Used Fi

Analysils of Variance

Sum of Mean

Saurce oF Squares Square F Value Prasif
Model 1 246.06723 246.06723 78.63 0.0003
Error 5 15.647086 3.12941
Corrected Total 6 261.71429

Root MSE 1.76901 R-Square 0.9402

Dependent Mean 7.57143 Adj R-5q 0.9283

Coeff Var 23.36434

Parameter Estimates

Parameter Standard
Variable OF Estimate Error t Value Pr > |t
Intercept 1 -5.64706 1.83377 -3.46 0.0181

X

s

711785 0.80268 B.87T 0.0003



nd Proofs Table 4.3 Normol Probability Toble Tal

s | Table A.3 Areas under the Normal Curve
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Table A.4 Critical Values of the #-Distribution

Student t-Distrilution Probability Tuble
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Table A.4 {continued) Critical Values
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and Proofs Table 4.5 Chi-Squared Disiribution Probability Table ==
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Table A.5 Critical Values of the Chi-Squared Distribution g =
AT Aoty TGN VRIS = - .
» 0.995 0.99 0.98 0975 095 090 080 075 0.70 050
0.0°393 0.0°157 0.0%28 0.0°982 000393 00138 00642 0102 0.148 0455

0.0100 0.0201 0.0404 0.0506 0.103 0.211 (446 0.576 0.713 1.386
0.0717 0.115 (1.185 0.216 352 0.554 1.005 1,213 1.424 2.366
0.207 0.297 0.429 0.484 711 1064 1.649 2.1¢ 3.387
12 0.554 0.752 0.831 145 1.610 2.343 4.351
237 635 2.204 3.070 S.348
690 167 2.833 3.822 6.340
180 733 3.490 4.5 T.544
700 325 4,168 8.343

i,

i L0 bd =

a3
alim

-1 o
=1
=

ok
032
032

¥

£ BO BS = T

BN RO

=
=
% B e ] .

]
]
Lo B BD e e
<] &1 O N
L '_' ¢
=]
im]

10 3.059 3.247 3.040 4.865 89.342
11 3.609 3.816 4.575 5.57 A8g 7.584 B.148 10.341
3

1173 4.404
.0ag

226 6.304 0.034 11.340
802 7.041 f 12.340
629 BT 7.790 9467 10165 10.821 13.339
1,262 .261 8.547 10.307 11.037 11.721 14.330
908 7.962 9.312 11152 11912
255 7.564 8.672 10085 12.002 12.792
906 §.231 9.390  10.865 12.857 13.675

633 8.567 8907 10.117  11.651 13.716 14.56 18.338
434 8,260 9.237 591  10.851 12443 14578  15.452 19.337
8.034 8.807 9.915 10.283 11.591  13.240 15445 16.344 17.182 20.337
54 10.600 10.982 12338  14.041 16.314 17.240 18.101 21.337
260 10196 11.203 11.680 13.001  14.848 17.187 18137 19.021 22.337
24 0886 10.856 11.992 12401 13848  15.659 1B.062 19.037 19.943 23.337
25 520  11.524 12697  13.120 14.611 16473 18940 19.939 20.867 24.337
26 11.160 12198 13.409 13.844 15379  17.292 19.820 20.84! 336
27 11.808  12.878 14125 14573 16151 18114 20703 21.749 22.710 26.336
28 12461 13565 14.847 15308 16.928 18939 21588 22.657 23.647 27.336
3.47d 20 13.121 14256  15.574 16.047 17.708  19.768 22475 \ 336
3,200 30 13.787 14953 16306 16.791 18403 20509 23.364 336
40 20.707 22.164 23.838 24433 26509  29.051 32.345 9.335
49.335

59.335

=]
&
=1
¥ Al
b
= Ea
E
s

o
wal
)
L
=
-
s
o=
i)
o

4,765
368
5985

G.614

t=)]

onoen

=
[N - ]
I - ol el =
= .
1
ik
%]
1
-]
o

15
16
17
18
19
20
21
22
23

o
|

TE Qg

5.338
16.338
17.338

o

o

]

&n

e Ty - 5 i, bt
— L hoD c tn oo Rk

T e s O s 0 i

=] Cn Cn

O

o Ch cnoen
o
s
on
3 =]

=]
A

0o 00 0o
=
i
2a b
(7]
o
B2

=
=
w3

e

]
i} 21.792
4

o0 =]

L3O B BRI B3 B LD

a0 27.991 20.707 31.664 32357 24.704 J7.680 41.449
60 35.534 aT.485 39.699 40.482 43.188 46.459 50.641

et




Thib Appendiz 4 Statisticnd Tables and Proofs

o
25 0.20 0.0 005 0025 002  0.01 0,005 0.001

B 0.30 [
1 1.074 323 1.G42 2.706 3.841 124 T.412 G.G35 TATY 10827
T a ATH 7.524 .210) L0587 [3.815

1
2408 2773 3919  4.605 91

3 3,665 4,108 4.642 G.2561] 415 . 348 0.837 11.345 12.838  1(.266
4 4878 5385 4080 7778 9488 11143 11668 18277 14860 18466
5 6.064 G626 7980 §235 11, 15. 388 L5086 16.7800  2(.515
G (55 T84 8008 1G04 12592 14449 15033 16812 18.h4R 22457
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9 10636 11.380 12.242 GE4  16.919 10023 19679 21.660 23.580 27.8TT
10 11.781 12.548  13.442 AEY 18307 20483 21,161 23.209 25188 29 58N

11 12899 13701 14.631 21920 22618 24595 26757 A1.944
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RN 223 26.018 27.141  28.420 32007 35172 38076 SB.OG8 41.638 44181  49.728
! 24  27.086 28241  20.553 33.196 36.415 30,364 40.270 42080 45558 51.179
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ii*j'lﬂm 28 31391 32620 34.027  3T.016 41337 44461 45419 48278 500094 56802
i 20 32461 33.711 35139 30.087 42557 45722  46.603 40588 52,335 58301
30 33530 34800 36250 400356 4377 46.979  47.062 50802 53.672 50702
40 44165 45.616 47.2609 51.805 55758 50.342 60436 63601 GA.T66  73.403
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and Proofs Table A.6  F-Distrilution Probability Table 757

W Table A.6* Critical Values of the F-Distribution : !
¥ . i
10.827 | fo.os{vy,v2)
13.815 ; L 1 2 3 4 5 6 T & 9
16.266 i 1 16145 199.50 21571 22458 230,16 233.99 23677 23888  240.54
18.46G6 i 2 18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19,38
20.515 : 3 10,13 9.55 g.28 9.12 9.01 8.04 8.89 §.85 8.81
99 457 : 4 7.7l 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00
94 991 5 6.61 5,79 5.41 5.19 5.05 4.95 4.88 4.82 4.77
26.124 6 5.99 5.14 4.76 4.53 4.39 4,28 4.21 4,15 4,10
27877 T 5.68 4,74 4.35 4,12 3.87 387 a.74 3.73 3.68
29588 8 5:32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39
41964 9 5.12 4.26 3.80 3.63 3.48 3.37 3.20 3.23 3.18
19,909 10 4,96 4,10 3.71 3.48 3.33 3.22 3.14 3.07 3.02
34.527 11 4.84 3.98 3.59 3.36 3.20 3.00 3.01 2.95 2.90
56.124 12 4,75 3.59 3.49 3.26 3.11 3.00 2.91 2.85 2.80
37.698 13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 297 2.71
49 959 14 4.60 3.74 3.34 3.11 2.06 2,85 2.76 2.70 2.65
40,791 15 4,54 3.68 3.29 3.06 2.90 2.79 2,71 2,64 2.59
42.312 16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 9.54
43.819 17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49
45.314 18 4.41 3.55 3.16 2.93 LTT 2.66 2.58 2.51 2.46
46.795 19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 248 2.42
48,968 20 4.35 3.49 3.10 2.87 9.7 2.60 2.51 2.45 2.39
49.728 21 4,32 3.47 3.07 2.84 2.68 S5 2.49 2.42 2.37
51.179 22 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34
52.619. 23 4.98 3.42 3.03 2.80 2.64 2.53 2.44 2.37 2.32
54.051 - 24 4.26 3.40 3.01 2.78 2.62 g1 2.42 2.36 2.30
554755 25 4,24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28
56,892 . 26 4.23 3.37 2.98 2,74 2.59 2.47 2.39 2.32 2.27
58.301 27 4.21 3.35 2.96 2.73 2.57 2.46 2:37 2.31 2.25
50.702 28 4.20 3.34 2.95 9.71 2.56 2.45 2.36 2.29 2.24
T3A03 e 29 418 3.33 2.03 2.70 2.55 2.43 2.35 2.28 2.22
86.660 i = 30 417 3.32 2.02 2.69 2.53 2.42 233 2.27 2.21
_ 99.608 - 40 4.08 3.23 2.84 2,61 2.45 2.34 2.25 2.18 212
' . 60 4.00 3.15 2.76 2.53 2.37 2.25 2.17 2,10 2.04
120 3.92 3.07 2.68 2.45 2.20 .18 2.09 2.02 1.96
e 00 3.84 3.00 2.60 2.37 2.2] 2.10 2.01 1.94 1.88

*Reproduced from Table 18 of Biometrika Tables for Statisticians, Vol. I, by permission of E.5.
Pearson and the Biometrika Trustess.
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Table A.6 (continued) Critical Values of the F-Distribution Ta
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Table A.6 (continued) Critical Values of the F-Distribution

fo.ar{v1, va }

tig 1 2 3 4 b ] 7 B e
1 405218 4098950 5403.35 562458 G676G3.65 5HBHR.09 5928.36 HOB1.OFT G022.47
2 98.50 99.00 Do.1v 50.25 090,30 99.33 90.36 99.37 09.39
3 J4.12 30.82 20.46 2571 28.24 27.91 27.67 27.49 27.36
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5 16.26 13.27 12.06 1139 10.97 10.67 10.46 1029 10.16
6 13.75 10.92 0.78 9.15 8.75 8.47 8.26 2.10 T.08
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18 8.29 6.01 5.00 4.58 4.25 4.01 a.84 3.71 3.60
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60 T.08 4.98 4.13 3.65 3.34 3.12 2.956 2.82 2.72
120 6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.066 2.56
oo 6.63 4.61 3.78 3.32 3.02 2.80 2.64 2:41 241
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